The analytical formula for the time-resolved dynamical Franz-Keldysh effect (Tr-DFKE) under an elliptically polarized laser in sub-femtosecond time-scale is reported. The Houston function is assumed as the time-dependent wave function of the parabolic two-band system. The resulting formula shows the sub-cycle change of the optical properties for elliptically polarization; the modulation of the dielectric function becomes smaller than that of linear polarization. On the other hand, the subcycle modulation of the dielectric function disappears for a circularly polarized laser, which is a significant feature of the Tr-DFKE. This analytical formulas show good qualitative agreement with the first-principle calculation employing the time-dependent density functional theory for diamond.
I. INTRODUCTION
In the last two decades, advances in laser sciences and technologies have led to the availability of intense coherent light with different characteristics. Ultra-short laser pulses can be as short as a few tens of an attoseconds, leading to the new field of attosecond science [1] . Intense laser pulses of mid-infrared (MIR) or terahertz (THz) frequencies have also recently become available [2, 3] . By employing these extreme sources of coherent light, it is possible to investigate the optical response of materials in real time with a resolution much lower than an optical cycle [1, [4] [5] [6] [7] [8] .
The dielectric function ε(ω) is the most fundamental quantity characterizing the optical properties of matter. The dielectric function observed in an ultra-fast pump-probe experiment can be further considered as a probe time (T p )-dependent function, ε(T p , ω). The modulation of the dielectric function ε(ω) in the presence of electromagnetic fields has been a subject of investigation for many years. The change in the dielectric function under a static electric field is known as the Franz-Keldysh effect (FKE) [9] [10] [11] [12] [13] [14] [15] [16] , and the change under an alternating electric field is known as the dynamical FKE (DFKE) [17] [18] [19] [20] [21] [22] .
We determined the sub-cycle change in the optical properties, i.e., the time-resolved DFKE (Tr-DFKE), which corresponds to the response of the dressed states and quantum path interference of different dressed state [23] . In particular, this ultra-fast change exhibits an interesting phase shift that depends on the field amplitude and probe frequency. By utilizing this phenomenon, we can develop an ultra-fast modulator of light or an ultra-fast optical switch. Recently, the Tr-DFKE was observed experimentally by a near-infrared (NIR)-pump extreme ultraviolet (EUV)-probe with attosecond time-resolution for polycrystalline diamond [24] . A similar effect was also observed in an excitonic state in a quantum well of GaAs by a THz-pump NIR-probe [25] .
We previously showed that the field amplitude of the pump laser and the bandwidth of the probe pulse are crucial parameters for controlling the Tr-DFKE [23] . Another possible control parameter is the polarization of the laser. In the current work, we present analytical formulas and first-principle calculations for the Tr-DFKE under elliptically and circularly polarized pump lasers. The time-dependent oscillation of the optical properties decreases as the ellipticity increases. We found that the time-dependent change in the optical properties completely disappears under a circularly polarized pump laser for an isotropic band struc-ture. We compare our formulas with first-principle calculations employing time-dependent density-functional theory (TDDFT) for diamond.
The remainder of this paper is organized as follows. In Sec. II, we develop an analytical formulation for the Tr-DFKE under a circularly polarized light using a parabolic two-band model. In Sec. III, we present a real-time TDDFT approach for the Tr-DFKE. In Sec. IV, we present the numerical results. In Sec. V, a summary is given.
II. FORMULATION
To derive the time-dependent conductivity, we will revisit a simple model that we reported in our previous work [23] . The probe's electric field is assumed to be weak enough that is can be treated using the linear response theory. We denote the electric current caused by the probe field as J p (t), which is assumed to be parallel to the direction of the probe's electric field. the relationship to the time-domain conductivity σ(t, t ′ ) is given as:
where E p (t ′ ) is the electric field of the probe pulse. We note that the conductivity σ(t, t ′ ) depends on both times t and t ′ rather than the just the time difference t − t ′ , owing to the presence of the pump pulse. If the probe laser is much shorter than the optical cycle of the pump laser and has peaks at time t = T p , we can define the time-dependent conductivity,
In the following, we consider a simplified description: electron dynamics in the presence of the pump and probe fields are assumed to be described by a time-dependent Schrödinger equation for a single electron:
where ψ n ( r, t) is the time-dependent wave function of the n-th band, A(t) is the vector potential of the pump light field, and V ( r) is a time-independent, lattice periodic potential.
In this paper, we employ atomic units for all equations. We express the solution of this equation using the time-dependent Bloch function v n k ( r, t) as ψ n ( r, t) = k e i k r v n k ( r, t),
where k is the Bloch wavenumber vector.
We further assume that in the presence of the pump field described by a vector potential A P (t), the solution of Eq. (3) is well approximated by the Houston function [17, 26] . Using static Bloch orbitals u n k ( r) and orbital energies ǫ n k that satisfy:
the Houston function can be expressed as:
where k P (t) is defined by k P (t) = k + e A P (t)/c.
We now consider an elliptically polarized pump laser with the vector potential:
and a two-band model, considering of only the two orbitals in the occupied valence (v) and unoccupied conduction (c) bands. Here, η is the ellipticity of the pump laser. The excitation energy from the valence band to the conduction band is assumed to have a parabolic form:
where ǫ g is the band gap energy and µ is the reduced mass of the electron-hole pairs. We assume the probe is a δ-functional linear polarized laser, f p δ(t − T p ). Our formulas do not depend on the polarization of probe laser.
Using the same procedure as in our previous work [23] , we obtain the time-resolved conductivity:
where:
and:
Here U e is the average kinetic energy in the elliptic polarized laser field. Here, J l is the lth Bessel function andJ l is the generalized Bessel function [27] defined as:
We define the k by the polar angles, such that k = k(sin θ cos φ, sin θ sin φ, cos θ).
Equation (8) is connected to the Tr-DFKE under a linearly polarized laser at η = 0, which we reported in our previous paper [23] :
where
4µc 2 is the well known ponderomotive energy. The form of the circularly polarized laser (η = 1) becomes:
In this case, we redefine the polarization as:
to have a simpler formula. An interesting point is that the time-dependence of Tr-DFKE disappears for a circularly polarized laser since the summation over k corresponds to the time-average for one k-point isotropic system. We note that ε C does not depend on the parameter β that corresponds to the parameter γ = U p /Ω for the linear polarization [19] .
Above formulas do not depend on the polarization direction of the probe laser since the isotropic band structure is assumed.
III. REAL-TIME TDDFT
In the above section, we derived the analytical forms for Tr-DFKE that can be used for real materials. Phase-sensitive modulation attributed to the Tr-DFKE under a linearly polarized laser has been reported by Lucchuni et al. [24] which agree with our previous work [23] . This result indicates that real-time calculation based on the TDDFT is a the reliable approach.
In this section, we revisit our first-principle approach. The detail of the computational methods have been already reported elsewhere [23, 29, 30] . In real-time TDDFT, we describe electron dynamics in a unit cell of a crystalline solid under a spatially uniform electric field E(t). Treating the field by a vector potential A(t) = −c t dt ′ E(t ′ ), the electron dynamics are described by the time-dependent Kohn-Sham (TDKS) equation [28] :
where V ( r, t) is composed of electron-ion, the Hartree, and exchange-correlation potentials. We use a norm-conserving pseudopotential for the electron-ion potential [31, 32] .
For the exchange-correlation potential, we employ an adiabatic local density approximation (LDA) [33] .
We calculate electron dynamics in diamond, using a cubic unit cell containing eight carbon atoms. The TDKS equation is solved in real time and real space. A total of 20 3 real-space grids are used for the unit cell, and 32 3 grids are used for the k-points. The Taylor expansion method is used for the time evolution [34] with a time step of ∆t = 0.02 in atomic unit.
The number of time steps is typically 75,000. An important output of the calculation is the average electric current density as a function of time, J(t), given by:
where V is the volume of the unit cell and J N L (t) is the current caused by non-locality of the pseudopotential.
In practice, we use the following electric fields. The pump field is of the form:
with a central angular frequency of Ω set to Ω = 0.4 eV. The field is turned on adiabatically by f P (t), given by f P (t) = sin 2 π 2T P t for 0 < t < T P and f P (t) = 1 for t ≥ T P and T P =10 fs.
The probe field is of the form:
To improve the numerical accuracy, we assume a linear polarized probe pulse laser that is vertical to the pump laser field. The average frequency ω p is set to 5.5 eV, which is equal to the calculated band gap energy of diamond in LDA. The field strength is set to E 0,p = 2.7×10 −3 MV/cm, which is small enough to probe the linear response of the medium.
The pulse duration ζ is set to ζ = 0.7 fs.
The frequency-dependent conductivity is calculated as the ratio of the Fourier-transformed current J p (t) and field E p (t), given by:
where g(t) is a filter function to damp the current and suppress spurious oscillations arising from the numerical cutoff in the integration. The time-dependent conductivity is converted to the dielectric function using the formula:
IV. NUMERICAL RESULTS
In this section, we aim to demonstrate the quantitative difference between circular and linear polarization by comparing the numerical results. Diamond is a typical dielectric used in non-linear laser-matter interaction studies, and we selected it as an example with which to illustrate the application of the above formalism. Figure 1 shows the change in the imaginary part of the dielectric function, ∆Im[ε(T p , ω)].
The maximum field amplitude is 10 MV/cm and the Ω is 0.4 eV. Figure 1 (b)-(d) show the results from the real-time TDDFT, and (e)-(g) show the results of the analytical theory. We assumed that the band gap, ε g , is 5.5 eV, the reduced mass µ is 0.25m e , and the transition moment P cv = 0.928 in atomic units for the analytical formulas. We adopt time components of n = −1, 0, and 1 in Eqs. (8), (14), and (15). The vertical black solid lines in Fig. 1(b) -(g) represent the maximum of the absolute value of the electric field shown in Fig. 1 (a) . In numerical simulation by the real-time TDDFT, we assume the pump field rotating in x-z plane, which corresponds to a-and c-axises of diamond, and the polarization of the probe pulse is set to be parallel to b-axis.
The Tr-DFKE under circular polarization is presented in Fig. 1 (b) and (e) respectively. As we expected in Eq. (15), the time-dependence of DFKE almost disappears in real-time TDDFT. However, for higher energy region around 6.5 − 7eV, small oscillation of ∆Im[ε(T p , ω)] can be seen. The ratio of the small oscillation between the peak and dip is approximately 10 %. There are two possible explanations for this modulation. First, the artificial error in real-time simulation is unavoidable. The Tr-DFKE requires high compu- The case of linearly polarized light is represented by the green line. Here, U p is 0.5 eV which is consistent with the apparent blue shift of the band gap. There is a small shoulder at 5.1 eV. This energy corresponds to the l 1 + l 2 = −3 dressed state.
For reference, the numerical result for the static FKE [11] is represented by the black dashed line. Since the applied field amplitude is stable with circular polarization, the tunneling effect is expected to be similar to the static FKE. As expected, the behavior under the band gap agrees with the case of circularly polarized light. However, the oscillation above the band gap is different. This result indicates that the FKE under circularly polarized light is not equivalent to the static FKE, even though the amplitude of the electric field is static.
Thus, using the dressed states is indispensable.
V. SUMMARY
We presented an analytical formulation for the time-resolved dynamical Franz-Keldysh effect under an elliptically polarized laser. This formula connects the cases of linear polarization and circular polarization though the ellipticity of the pump laser. We found that the time-dependent change in the optical properties observed under linearly polarized light disappears as the ellipticity increases. Therefore, linearly polarized light is suitable for ultrafast control of the material response. On the other hand, the response of the dressed state is still important for understanding the change in the optical properties caused by a circularly polarized light field.
